This paper develops a non-Bayesian methodology to analyze the time-varying structure of international linkages and market efficiency in G7 countries. We consider a non-Bayesian time-varying vector autoregressive (TV-VAR) model, and apply it to estimate the joint degree of market efficiency in the sense of Fama (1970, 1991). Our empirical results provide a new perspective that the international linkages and market efficiency change over time and that their behaviors correspond well to historical events of the international financial system. JEL classification numbers: C32; G14; G15
Introduction
How are the world's stock markets linked to each other? Is it possible that a boom in one country's stock market could be accompanied by a boom in another country's stock market, while a drop in equity prices occurs simultaneously in many countries' stock markets? Recent technological progress in the financial sector has enabled information and funds to be rapidly transmitted, thereby providing investors with many opportunities in world stock markets, rather than in just a local stock market. Also, economic activities of firms have become more international, mostly thanks to low transportation costs stemming from technological progress. The answer to the aforementioned (second) question seems to be affirmative in such an environment.
If so, what are implications of the international linkage for Fama's (1970) market efficiency, which requires zero unexploited excess profit given the information available to the public? For example, consider the case where one nation's stock market is not efficient, but that stock market is jointly efficient with another country's stock market. One possible interpretation for this phenomenon would be that investors have opportunities to invest in two markets -as a result of portfolio diversification -and arbitrages occur across these two markets. Hence, it is conceivable that the "joint efficiency" among several markets appears when those markets are highly integrated. 1 As we shall see in the next section, which reviews the literature, there are mainly two types of papers written in the 1990s and early 2000s.
The first approach employs a vector autoregressive (VAR) model to determine whether there is any international linkage of stock prices, especially in short-run relationships among stock price indices (see, for example, Jeon and Von Furstenberg (1990) and Tsutsui and Hirayam (2004) ). Studies in the second category, on the other hand, shed more light on the longrun equilibrium relationship among returns on stocks by using a vector error correction (VEC) model and cointegration tests (see, for example, Kasa (1992) , Chan et al. (1997) ). Further, some of the studies examine short-run deviations of returns from long-run relationships by evaluating variance decomposition and impulse response functions.
What is common in the two approaches is that they assume constant parameters in their VAR or VEC with few exceptions that consider structural changes (Narayan and Smyth (2006) , for example). In other words, the relationships appearing in the models are characterized by the parameters that are invariant over time. This assumption seems too strong or even implausible for international financial markets where regime switchings or structural changes occur perhaps due to policy changes and the increasing presence of emerging markets. Furthermore, given the fact that technological changes have been connecting global equity markets more and more strongly -by facilitating instant and international trades -, the assumption of the stable relationships among international markets is not appealing.
In order to take into account regime shifts or structural changes, traditionally, researchers have often used subsamples of the data to exclude such aberrant events. By splitting the whole sample into several subsamples so that each subsample does not contain a break or shift, one can easily estimate the relationship among variables within the subsamples. The biggest challenge to this method is to find the cutoff points that determine subsamples.
Another approach that is preferred by some economists is the so-called rolling window method. Instead of using subsamples defined by breaks, this method allows a researcher to slide the fixed-width window (i.e., subsample) by a given increment. For example, to find the correlation coefficient of two variables at time-t, one can utilize data from t − h to t + h as a subsample; likewise, the correlation coefficient at t + 1 needs data from (t + 1) − h to (t + 1) + h. Here, the width of the window is 2h + 1. In effect, to estimate the correlation coefficient for all t, one must use overlapping subsamples. The remaining problem for this approach is that a researcher has to determine the width of the window (or h).
The proposed approach in this paper is free from choices of cutoff points or the width of windows. In fact, we are able to demonstrate that our method, a non-Bayesian timevarying VAR (TV-VAR) model, can quite easily be implemented. This result is in line with that of Ito et al. (2012) , who propose the TV-VAR model for a univariate case. Furthermore, by defining and computing the time-varying degree of the market efficiency from the estimated TV-VAR, we are able to discover the time-varying structure of world stock markets. This time-varying degree of market efficiency is used in conjunction with its statistical inference -which is calculated by our new bootstrap method -to determine whether or not the stock market is efficient.
To sum up, this paper's contribution is two-fold. First, we look at the linkage of international equity markets through the novel non-Bayesian TV-VAR that possesses statistically more preferable properties than alternatives. This is a clear deviation from previous studies that employ standard VARs and VECs. As the second contribution, we propose the "time-varying degree of market efficiency" associated with the TV-VAR model and its statistical inference. This new measure and its statistical inference provide information as to whether the linkage is so strong that investors regard the markets for which efficiency is jointly confirmed as a single market. Our method of evaluating (joint) market efficiency is an alternative to the previous studies that employ the VEC model, where cointegration may imply market inefficiency. This is because (i) we incorporate the time-varying nature of market efficiency and (ii) the evaluation is based on estimated TV-VAR coefficients.
Our empirical results affirm the time-varying structure in the linkages and in the market efficiency of international stock markets. We also find that the time-varying nature of the market structure corresponds well to historical events in the international financial system. This paper is organized as follows. Section 2 reviews the literature. In Section 3, the model and new methodologies for our non-Bayesian TV-VAR model are presented. We also introduce our new measure, the degree of market efficiency in Section 3. The data on G7 stock markets, together with preliminary unit root test results, are described in Section 4. In Section 5, our empirical results show that international stock markets are inefficient in the late 1980s; and the European markets become jointly inefficient after the late 1990s. Section 6 concludes. The Online Technical Appendix provides mathematical and statistical discussions about the new estimation methodologies that we have developed. 2 
A Review of the Literature
The transmission mechanism of shocks in international equity markets has been widely studied. A natural way to address this question is to apply a VAR to stock price data. For example, Eun and Shim (1989) find that a shock originated from the U.S. is transmitted to other markets, while Jeon and Von Furstenberg (1990) utilize daily stock price data to investigate the correlation structure among stock markets in the world, paying special attention to the 1987 stock market crash. By focusing on Nordic and US stock markets, Mathur and Subrahmanyam (1990) find that the U.S. market affected the Danish market, but not other Nordic markets. In order to compute the responses of stock markets more precisely, the specification of the VAR, especially the length of lags, has been further investigated by Tsutsui and Hirayama (2004) .
Yet, one problem remains. Stock price data are mostly non-stationary. Therefore, there should not be a stable relationship between stock prices in different markets unless they are cointegrated. Naturally, then, researchers' interest has shifted to whether or not stock prices are cointegrated. In addition, as MacDonald and Taylor (1988, 1989 ) point out, if the stock prices of any two markets are cointegrated, then there must be a linear combination of stock prices that helps investors predict the future stock prices; therefore, the markets are not efficient. 3 Subsequent attempts to find cointegrating relationships and associated common trends are made by Jeon and Chiang (1991) , Kasa (1992) , Corhay et al. (1993) , Blackman et al. (1994) , Chung and Liu (1994) , Choudhry (1994 Choudhry ( , 1997 , and Chen et al. (2002) , among others. While Chan et al. (1997) and Balios and Xanthakis (2003) shed light on market efficiency, by carefully conducting several cointegration tests, Pascual (2003) calls into question the power of the cointegration test when the sample size increases. With the adjusted power, the cointegration test reveals no long-run relationship among the UK, French and German stock markets.
More recently, studies employ both VAR and VEC, because the international data set almost always includes both stationary and nonstationary series. For example, Cheung et al. (2010) assess the spill-over effect of credit risk on the wake of the world financial crisis in 2007-2009; Hirayama and Tsutsui (2013) disentangle the stock price co-movement by considering both common and idiosyncratic shocks.
Finally, deviations from the standard VAR and VEC have recently been intensively studied. Assuming possible structural breaks, Narayan and Smyth (2005) examine the cointegrating relationship among New Zealand, Australia and the G7 countries. Nonstable relationships in European stock markets -mainly as to whether convergence has occurred over time -are investigated by Pascual (2003) whose VEC is estimated within rolling samples. Similarly, together with structural break tests and the rolling cointegration analysis, Mylonidis and Kollias (2010) focus on convergence in the European stock markets.
3 The Model
Preliminaries
First, we consider a simple VAR model to analyze the stock market linkage in the context of market efficiency. Let y t denote a k-dimensional vector representing the rates of return for k stocks at t. More specifically, y t consists of k countries' stock market returns. In the literature, a number of previous studies employ VAR(p) models to analyze the linkage of stock markets:
where ν is a vector of intercepts; u t is a vector of error terms that are serially uncorrelated. Note that the unexpected, excess returns on stocks at t are solely driven by the error term
represents the conditional expectation of the k countries' stock returns at t given the returns at any previous periods t − 1, t − 2, · · · . This set-up is in accordance with the view of the efficiency market hypothesis (EMH) in the sense that there is no unexploited excess profit given the information available to the public (see Fama (1970 Fama ( , 1991 , for example).
Oftentimes, it is understood that the VAR(p) model is a reduced form of a data generating process that is a VMA(∞) model:
where Φ (L) is a matrix lag polynomial of a lag operator L, i.e., Φ (L) = Φ 0 + Φ 1 L+ Φ 2 L 2 + · · · , with all eignvalues of Φ (1) being outside the unit circle. One clear assumption here is that coefficient matrices {Φ i } ∞ i=0 are time invariant or parameter matrices of k × k. With such matrices, one can compute the impulse-response functions along with the identification assumptions such as Φ 0 = I (an identity matrix). Note that the long-run effect of u t on y is given by Φ (1); the vector of expected excess returns, E y t | y t−1 , y t−2 , · · · − µ, is zero when Φ (1) = I.
In this paper, we view equation (2) as the model and Equation (1) serves as a device for estimation. Our focus as to whether EMH holds hinges on whether Φ (1) = I, or equivalently, whether
The following subsection explains the extended version of our estimation model, equation (1).
Non-Bayesian Time-Varying VAR Model
When the parameters in our VAR coefficient matrices {A i } p i=0 do not seem to be constant over time, more precisely, when a parameter consistency test such as Hansen (1992) rejects the null hypothesis of constant parameters, 4 it is more appropriate to use the time-varying (TV-) VAR model that allows the parameters in {A i } p i=0 to vary with time:
with
for i = 1, . . . , p, and t = 1, 2, . . . , T . The assumption for the process, Equation (4), stems from the fact that the alternative hypothesis of Hansen's (1992) test is the multivariate random walk process. For this time-varying specification, we consider the underlying time-varying VMA model:
Taken together, the following is the extended version of Ito et al. (2012) , who consider the time-varying model within a univariate context. In this paper we propose the Non-Bayesian time-varying model with a vector process. First of all, it is convenient for us to set our model in a state-space form, especially for estimation purposes. To this end, the observation Equation (3) is written as
and the state Equations (4) becomes
where v t = vec (V t ) = vec V 1,t · · · V p,t is a k 2 p-vector. Furthermore, to see the advantages of our estimation method, we stack equations (3) from t = 1 through T ,
The time-varying nature of the VAR coefficients, more specifically Equation (4), is also stacked from t = 1 to T , and written in a matrix form:
where a vector γ includes vec (A 0 ) and zeros; W is a matrix consisting of identity matrices and zeros; and v = v ′ 1 · · · v ′ T ′ . Noticing that both systems of equations share the same vector β, we combine them together and our entire system now becomes
One of the very convenient features of our method is that the system (6) allows us to estimate the unknown parameters β (time-varying coefficients) and the variance-covariance of the error term by OLS. 5 Unlike the traditional method or the Bayesian estimation, the time-varying model does not necessitate the Kalman filtering which requires iterations from t = 1 to T , to find the likelihood value. Indeed, this OLS based method estimates unknown parameters at one time. This method can also handle cases such as heteroscedasticity, serial correlations, and mutual correlations within the vector (u, v) by utilizing the Generalized Least Squares (GLS) method. Note that, when the Kalman filter is applied to this model, mutual correlations in u and v need special treatments, such as what Anderson and Moore (1979) describe. Other desirable properties of our method are more thoroughly explained in Ito et al. (2012) .
The next subsection describes a different way to examine whether EMH holds empirically, under our assumption that the structure or autoregressive coefficients on stock returns vary over time.
Time-Varying Degrees of Market Efficiency
While our main focus is whether the vector of expected excess returns, E y t | y t−1 , y t−2 , · · · − µ, is zero in Equation (2), the time-varying VAR model (3) 
modifies this condition as
Still, with the estimated coefficient matrices obtained by (6) via OLS (or GLS), we are able to determine if EMH holds by observing the time-varying matrices A 1,t , . . . , A p,t or Φ 1,t , Φ 2,t , . . .. This is because the TV-VAR model (3) can be seen as a locally stationary model. To implement this strategy, let us consider a matrix
which is a cumulative sum of the time-varying VMA coefficient matrices which appears in Equation (5). Since this matrix measures the long-run effect of shocks {u τ } −∞ τ =t on stock return {y t }, we call it the long-run multiplier that is in line with Ito et al. (2012) . This multiplier, Φ t (1), is, in fact, regarded as a metric measure for market efficiency in the sense that Φ t (1) = I suggests EMH; while its deviations from an identity matrix measure the degree of market (in)efficiency. Once again, we do not impose the identification assumptions about shocks. In other words, we do not label which shock originated from country j ∈ 1, . . . , k. Therefore, it is important for us to investigate whether or not k countries' stock markets are all efficient without specifying the roles of the shocks; and hence, measuring the distance between Φ t (1) and I provides us with a good idea as to how k countries' stock markets are closer to or farther from efficiency.
The distance between Φ t (1) and I is measured by the spectral norm:
i.e., the square root of the largest eigenvalue of the square matrix (Φ t (1) − I) ′ (Φ t (1) − I) for each t. Clearly, the distance becomes zero (ζ t = 0) when Φ t (1) = I. Yet, the distance becomes a large (positive) number as the two matrices deviate from each other, in the sense of the spectral norm. We call ζ t the degree of market efficiency that measures how close to or far from the efficient markets the actual markets are. 6 By computing this for all the sample points, t, we are able to know when the markets are efficient (or close enough to indicate that the markets are efficient) and when the markets are obviously inefficient. From the correspondence between Equations (3) and (5)
In practice, we estimate the TV-VAR Equation (3) to obtain A 1,t , . . . , A p,t , and then, we compute the degree of market efficiency, Equation (7).
Data
We utilize the monthly data on the Morgan Stanley capital index for the Group of 7 (G7) countries (United States, Canada, United Kingdom, Japan, Germany, France, and Italy) from December 1969 through March 2013, as obtained from the Thomson Reuters Datastream. To compute the ex-post stock return series, we take the first difference of the natural log of the stock price index.
( Table 1 around here) Provided in Table 1 , descriptive statistics show that monthly returns on the stock market range from Italy's 0.34% (4.08% per annum) to the U.K.'s 0.57% (6.84% per annum). The average return on the largest stock market, U.S. is 0.52% (6.24% annum) and the third highest after the U.K. and Canada (0.54% or 6.48% annum). Volatility for the U.S. is the smallest among the seven countries, 3.96%, while that for Italy is 6.17%, which is the largest of the seven countries. Except for the U.K. and France, the largest month-tomonth change is negative, not positive, i.e., crashes have larger magnitudes than booms.
Table 1 also shows the results of a unit root test. It is important for our estimation that the variables in the TV-VAR model are all stationary. Thus, we examine this by employing the ADF-GLS test of Elliott et al. (1996) . It is then confirmed that for all the variables, the ADF-GLS test uniformly rejects the null hypothesis of the variable's having a unit root at the 1% significance level.
Empirical Results

The Time-Invariant VAR Model
Having presented the time-varying model, we must verify that the TV-VAR model is more appropriate to use than the traditional, time-invariant VAR model. To do so, we first estimate the time-invariant VAR model, and then apply the parameter constancy test of Hansen (1992) to investigate whether the time-invariant model is a better fit for our data.
Here we consider the parameter stability for five groups using five VAR models. They are: (i) North American markets (U.S. and Canada); (ii) two largest stock markets (U.S. and U.K.); (iii) three largest stock markets (U.S., U.K. and Japan); (iv) European markets (U.K., Germany, France and Italy); and (v) all seven markets.
( Table 2 around here) To select the length of the lags, we adopt the Bayesian information criterion (BIC; Schwarz (1978) ). Table 2 presents both estimated coefficients and Hansen's (1992) joint parameter constancy test statistics that are shown in the last column, under "L C ." For all the five models, the parameter constancy test rejects the null hypothesis of constancy at the 1% level, against the alternative hypothesis stating that the parameter variation follows a random walk process. These results suggest that the time-invariant VAR model does not fit our data; rather, we should use the TV-VAR model for the G7 data. 7
TV-VAR Model and the Degree of Market Efficiency
Now, let us focus on the TV-VAR model and the degree of market efficiency associated with the model. Once again, using the spectral norm, we measure the stock markets' deviation from the efficient condition, by Equation (7). For example, considering U.S. and Canadian stock markets, the degree of market efficiency tells us how the two markets are different from the efficient markets. If ζ t = 0 for time-t, the two stock markets are jointly efficient at that time.
Note that the degree of market efficiency is computed from the estimates of Φ t (1), therefore, ζ t is subject to sampling errors. Because of this, we provide the confidence band for ζ t under the null hypothesis of market efficiency. 8 We do not find evidence of inefficient markets whenever estimated ζ t is less than the upper limit of the confidence band; inefficient markets are detected with an estimated ζ t that is larger than the upper limit. As detailed in Online Technical Appendix A.4, Monte Carlo simulations construct the confidence band by (i) generating multi-variate i.i.d. processes for y t , then, (ii) applying and estimating the TV-VAR model for those processes, and finally, (iii) computing ζ t . Figure 6 presents the degree of market efficiency for each of the seven countries. While the degrees for the U.S. and Canada have similar fluctuation patterns, inefficiency in the early 2000s seems to attribute to the Canadian market inefficiency.
( Figure 6 around here) The two largest stock markets become inefficient in the early to middle 1970s and the late 1980s. Yet, the U.K. market's inefficiency in the 1970s stands out. In addition to the period when the two largest markets are inefficient, the three largest stock markets, including Japan, become inefficient in the middle 2000s and after 2010.
Like other markets, the middle 1970s and 1980s are times for inefficient markets in Europe, the degree of market efficiency in the European markets is nevertheless increasing since the late 1990s. Why is the European markets' efficiency decreasing (the degree of market efficiency increasing) after the late 1990s? From individual degrees of efficiency presented in Figure 6 , it is hard to understand why. In addition, even when we compute the degree of market efficiency for each country individually (See Figure 6) , none of the European countries indicates such tendency. Remarkably, however, the introduction of the common currency euro in 1999 somewhat coincides the increase of the degree of market efficiency.
Finally, the efficiency of all seven countries changes over time. But importantly, in the early-to-middle 1970s, between the late 1980s and early 1990s, and after 2000 are three periods when the world (G7) markets indicate their inefficiency.
Why Do Stock Markets Become Inefficient?
There are, possibly, several reasons why stock markets become inefficient. First, as pointed out by Ito et al. (2012) who focus solely on the US stock market, (i) people become irrational when they face extraordinary events such as severe recessions or financial crises 9 ; (ii) people are rational, but their stochastic discount factor changes for those time periods. 10 It is also possible that the stock markets in our sample were indeed efficient, in combination with other stock markets that are not included in our sample. To fully understand why markets become inefficient, further investigation, perhaps with larger samples, is necessary.
Concluding Remarks
Stock market efficiency, especially the international linkage of stock markets, is studied. Paying attention to the stability of VAR coefficients, we determine that the time-varying (TV) VAR model fits better with the stock market data, with the help of Hansen's (1992) parameter constancy test. As an extension of Ito et al. (2012) , we develop a new metric for market efficiency, namely the degree of market efficiency that is the spectral norm between the estimated time-varying parameter matrix and an identity matrix.
Our empirical results show that the degree of the market efficiency is, in fact, timevarying; and there are times when international markets are jointly efficient and inefficient. After considering five groups of countries, we interestingly find that (i) international stock markets are inefficient in the late 1980s; and (ii) European markets become jointly inefficient -despite the fact that each country's stock market indicates otherwise -after the late 1990s, which is almost corresponding to the commencement of their common currency.
However, caution should be taken in interpreting our results. For example, failing to find evidence of market efficiency in our sample does not necessarily mean that the markets are inefficient. This is because those markets are, possibly, jointly efficient with other markets that are not included in our sample. Also, further investigation should reveal the mechanism of how the degree of market efficiency fluctuates from time to time -especially why the degree of market efficiency exhibits inefficient markets during extraordinary times -by utilizing larger samples of data and by formal statistical tests. (1) "R US ", "R CA ", "R GB ", "R JP ", "R DE ", "R F R ", and "R IT " denote the returns of the Morgan Stanley capital index for the G7 countries (United States, Canada, United Kingdom, Japan, Germany, France, and Italy), respectively.
(2) "ADF-GLS" denotes the ADF-GLS test statistics, "Lags" denotes the lag order selected by the MBIC, and "φ" denotes the coefficients vector in the GLS detrended series (see Equation (6) in Ng and Perron (2001) ).
(3) In computing the ADF-GLS test, a model with a time trend and a constant is assumed. The critical value at the 1% significance level for the ADF-GLS test is "−3.42".
(4) "N " denotes the number of observations.
(5) R version 3.1.0 was used to compute the statistics. Notes:
(1) The dashed red lines represent the 99% confidence bands of the timevarying spectral norm in case of efficient market.
(2) We run 5000 times Monte Carlo sampling to calculate the confidence bands.
(3) R version 3.1.0 was used to compute the estimates. (2) We run 5000 times Monte Carlo sampling to calculate the confidence bands.
(3) The shade areas represent recessions reported by the NBER business cycle dates for the U.S. and the Economic Cycle Research Institute business cycle peak and trough dates for the other countries.
(4) R version 3.1.0 was used to compute the estimates.
